Abstract. Let p 3,3 (n) denote the number of 2-color partition triples of n where one of the colors appears only in parts that are multiples of 3. In this paper, we shall establish some interesting Ramanujan-type congruences for p 3,3 (n).
Introduction
A partition of a natural number n is a weakly decreasing sequence of positive integers whose sum equals n. Let p(n) be the number of partitions of n. We know that its generating function is n≥0 p(n)q n = 1 (q; q) ∞ , where for |q| < 1, the shifted factorial is defined by (a; q) ∞ :=
k≥0
(1 − aq k ).
In 1919, Ramanujan [14] discovered the following celebrated congruences p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11).
As an analogue of the ordinary partition function, Chan [4] defined the cubic partition function a(n) by
which enumerates the number of 2-color partitions of n where one of the colors appears only in multiples of 2. He also established the partition congruence a(3n + 2) ≡ 0 (mod 3).
Subsequently, many authors studied the arithmetic properties of 2-color partitions with one of the colors appearing only in multiples of k; see [1, 3, 7, 8, 9] for details. Meanwhile, Chan and Cooper [5] studied the divisibility properties of the function c(n) defined by
and obtained the following partition congruence
Here the partition function c(n) can be regarded as the number of 2-color partition pairs of n where one of the colors appears only in parts that are multiples of 3. Moreover, by considering the generalized partition function
and appealing to Ramanujan's modular equations, Baruah and Ojah [2] presented new proofs of several formulas obtained by Chan and Toh [6] and established more Ramanujan-type congruences, including c(4n
Inspired by their work, we shall study the following 2-color partition triple function
Theorem 1.2. For n ≥ 0, α ≥ 1, and odd prime p with
we have
where j = 1, 2, . . ., p − 1.
Preliminaries
Throughout this paper, we write f k := (q k ; q k ) ∞ for positive integers k for notational convenience.
The following 2-dissections are necessary. We also need the following 3-dissection identities.
Lemma Proof. It follows by substituting P (q 3 ) = f 
We further claim that for
Here for any prime p ≥ 5,
3. Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1. From (1.1), we have
(mod 4).
We now extract
Since there are no terms in which the power of q is 2 modulo 3, we arrive at (1.3).
On the other hand, we have
We extract Since there are no terms on the right in which the power of q is 1 or 2 modulo 3, we obtain (1.6 
At last, we induct on α ≥ 1 to obtain
This implies that 
Final remarks
Using an algorithm (which involves modular forms) due to Radu and Sellers [12, 13] , we are able to prove the following congruences modulo 7 and 11:
Theorem 4.1. For n ≥ 0, we have However, it is still unclear if there exist any elementary proofs of these congruences.
